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ALGEBRAIC K-THEORY AND DERIVED
EQUIVALENCES SUGGESTED BY
T-DUALITY FOR TORUS ORIENTIFOLDS
JONATHAN ROSENBERG
In honor of the birthday of my good friend Chuck Weibel
Abstract. We show that certain isomorphisms of (twisted) KR-groups that
underlie T-dualities of torus orientifold string theories have purely algebraic
analogues in terms of algebraic K-theory of real varieties and equivalences of
derived categories of (twisted) coherent sheaves. The most interesting conclusion
is a kind of Mukai duality in which the “dual abelian variety” to a smooth
projective genus-1 curve over R with no real points is (mildly) noncommutative.
1. Introduction
1.1. Background. This paper grew out of joint work with Charles Doran and
Stefan Mendez-Diez [12, 13], in which we studied type II orientifold string theories
on circles and 2-tori. In these theories, D-brane charges lie in twisted KR-groups
of (X, ι), where X is the spacetime manifold and ι is the involution on X defining
the orientifold structure. (That D-brane charges for orientifolds are classified by
KR-theory was pointed out in [46, §5.2], [19], and [18], but twisting (as defined in
[25, 24, 26] and [12]) may arise due to the B-field, as in [47], and/or the charges of
the O-planes, as explained in [12].) These orientifold theories were found in [13] to
split up into a number of T-duality groupings, with the theories in each grouping all
related to one another by various T-dualities. The twisted KR-groups attached to
each of the theories within a T-duality grouping were all found to be isomorphic to
one another, up to a degree shift. Actual isomorphisms of the twisted KR-groups
for the theories within a T-duality group were constructed in [39], where we showed
that all of these K-theory isomorphisms arise from cases of the real Baum-Connes
conjecture for solvable (in fact, also virtually abelian) discrete groups. (By the
way, these are cases where the real Baum-Connes conjecture was already known
to hold, by [5, 40].) This sort of duality involving KR-theory already appeared
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in [37, Theorem 2.5] in the case where the group involved is free abelian. In that
theorem, real Baum-Connes was shown to give an isomorphism fromKO-homology
of a torus to KR-cohomology of another torus of the same dimension (really the
T-dual torus). This isomorphism turns out to be related to T-duality between the
type I and type IA string theories on the circle.
The work of Karoubi and Weibel [22] showed that KR-theory of complex alge-
braic varieties (equipped with an antiholomorphic involution) is closely related to
the algebraicK-theory of the associated real algebraic variety. This raised the tan-
talizing possibility that T-duality of orientifolds is closely related to isomorphisms
of algebraic K-groups of real varieties or to equivalences of derived categories of
(twisted) coherent sheaves on real varieties. The purpose of the paper is to verify
this conjecture in the case of real affine rational curves (modeling orientifolds on
the circle) and real elliptic curves.
After the preliminary Section 1.3, we begin in Section 2 with the case of certain
rational affine curves over R, which give algebraic models for the four orientifolds on
the circle. We compute the algebraic K-theory for all of these “algebraic circles.”
While the K-theory spectra for dual algebraic circles are not exactly the same,
they do become equivalent after introducing finite coefficients. Then in Section 3,
we consider an algebraic analogue of the duality between the type IIA orientifold
theory on a Klein bottle and the I˜A theory, which lives on a split elliptic curve
over R with a nontrivial twist given by a certain Azumaya algebra, described in
Proposition 4. The main result, Theorem 5, is an equivalence of derived categories
of twisted coherent sheaves, which is considerably stronger (see for example [44,
Example V.3.10.2]) than a mere isomorphism of algebraic K-groups. This result
can be interpreted as saying that the “dual abelian variety” to a smooth projective
genus-1 curve over R with no real points is a noncommutative Azumaya algebra
over a split elliptic curve over R. This result is in many ways reminiscent of
the result of Ca˘lda˘raru [7, Chapter 4], [8] that in the case of an elliptic fibration
without a section, a certain Azumaya algebra over the relative Jacobian is dual
to the original elliptic fibration, and there is an associated equivalence of derived
categories of [twisted] coherent sheaves. (The genus-1 curve with no real points is
like an elliptic fibration without a section, and the split elliptic curve is its Jacobian,
as we will see in Section 3.) The result is also closely related to the results of [3],
though it doesn’t quite seem to be covered by the hypotheses imposed there.
1.2. Notational convention. Since this paper uses both topological and alge-
braic K-theory, we need a way to distinguish them. K-groups with the index
up, such as K−•, KO−•, KR−•, and KSC−•, always denote topological K-groups.
K-groups with the index down, such as K•(R), always denote algebraic K-theory
of rings or schemes. (All the schemes discussed here will be smooth, so it will
not be necessary to distinguish this from G-theory or K ′-theory.) When we need
topological K-homology (this only shows up once in the paper), we denote it by
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•
. The notation K denotes the algebraic K-theory spectrum (of a ring, scheme,
etc.), and Ktop denotes the (non-connective) topological K-theory spectrum.
1.3. Review of KR-theory. We quickly remind the reader about Atiyah’s KR-
theory [4]. This is the topological K-theory (with compact supports) of Real
vector bundles E over Real spaces (X, ι). A Real space is just a locally compact
Hausdorff space X equipped with a self-homeomorphism ι satisfying ι2 = idX .
A Real vector bundle E over such a space is a complex vector bundle equipped
with a conjugate-linear vector bundle automorphism of period 2 compatible with
ι. The KR-theory of (X, ι) can be identified with the topological K-theory of the
real Banach algebra C0(X, ι) = {f ∈ C0(X) | f(ι(x)) = f(x)}. We shall use the
indexing convention of [23, 12, 13]: Rp,q denotes Rp ⊕ Rq with the involution that
is +1 on the first summand and −1 on the second summand, and Sp,q denotes
the unit sphere in Rp,q. Thus S0,2, for example, denotes the circle S1 with its
antipodal involution. The two indices p and q play complementary roles, in that
KR•(X × Rp,q) ∼= KR•−p+q(X) [4, Theorem 2.3]. Atiyah [4, Proposition 3.5] also
showed that for any locally compact space X , KR−•(X×S0,2) ∼= KSC−•(X), the
self-conjugate K-theory of Anderson [2] and Green [16].
Karoubi and Weibel [22, Main Theorem 4.8] showed that KR-theory is inti-
mately connected with algebraic K-theory of algebraic varieties defined over R.
In fact, if X is a smooth projective variety defined over R, then K•(X,Z/m) ∼=
KR−•(X(C),Z/m) in the stable range • ≥ dimX . Here the set X(C) of complex
points is given its (compact Hausdorff) analytic topology and the natural action
of G = Gal(C/R). They proved the theorem for m a power of two, which is the
most interesting case, though it also follows for m an odd prime by Bloch-Kato.
The theorem holds for affine varieties as well, provided one modifies the defini-
tion of KR−•(X(C)) a bit. Since X(C) is noncompact in this case, one needs to
use homotopy-theoretic KR-theory KRh instead of KR-theory with compact sup-
ports. (KR−•h (X)
∼= KO−•(pt) if X is equivariantly, but not necessarily properly,
contractible, so in this theory, all affine spaces An(R) behave like SpecR.)
2. Algebraic circle orientifolds
2.1. An algebraic analogue of circle orientifolds. We begin with the case
of orientifolds on a circle, with the involution coming from a linear involution on
R
2, restricted to the unit circle. It was found in [14, 12, 13] that there are four
such orientifold theories, known in the physics literature as types I, I˜, IA, and I˜A.
These split into two T-duality groupings, one of which contains theories I and IA,
corresponding to the Real spaces S2,0 and S1,1, and the other of which contains
theories I˜ and I˜A, corresponding to the Real spaces S0,2 and S1,1(+,−). Here the
subscript (+,−) in S1,1(+,−) indicates that of the two O-planes in S
1,1 (i.e., fixed
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points for the involution), one has been given a plus sign (meaning that the Chan-
Paton bundle there is of real type) and one has been given a minus sign (meaning
that the Chan-Paton bundle there is of quaternionic type).
What are the algebraic analogues of these Real spaces?
Let W , X , and Y be the following smooth affine curves defined over R:
W = Spec
(
R[x, y]/(x2 + y2 − 1)
)
,
X = Spec
(
R[x, y]/(x2 + y2 + 1)
)
,
Y = Spec
(
R[v, v−1]
)
∼= Gm.
After applying base change   SpecC ×SpecR  , W , X , and Y all become
Spec (C[v, v−1]) ∼= Gm. For Y this is obvious. For XC we use the isomorphism
sending (x, y) ∈ A2(C) with x2 + y2 + 1 = 0 to x + iy ∈ Gm(C); note that
z = x + iy is invertible and determines the pair (x, y) since (x+ iy)(iy − x) = 1,
hence x = (z − z−1)/2 and y = (z + z−1)/(2i). Similarly, for WC we use the
isomorphism sending (x, y) ∈ A2(C) with x2 + y2− 1 = 0 to x+ iy ∈ Gm(C); note
that z = x+iy is invertible and determines the pair (x, y) since (x+iy)(x−iy) = 1,
hence x = (z + z−1)/2 and y = (z − z−1)/(2i).
In accordance with the point of view of Karoubi and Weibel, we view W (C),
X(C) and Y (C) as Real spaces in the sense of Atiyah. Of course in all cases we
just have C× as the underlying space, but the Galois action of G = Gal(C/R) is
different. On Y (C), the action of G is usual complex conjugation on C×, and the
fixed set (the union of the “O-planes”) is R× = (−∞, 0) ⊔ (0,∞). Thus Y is an
algebraic model for the Real space S1,1. On X(C), on the other hand, the Galois
action must be free, since X(R) = ∅. (There are no points (x, y) ∈ A2(R) with
x2 + y2 + 1 = 0.) In fact one can see that when we identify X(C) with C×, G
acts by z 7→ −z¯−1. X(C) has a (non-proper) G-equivariant deformation retraction
down to a copy of S1, identified with
S1 = {(ix, iy) | (x, y) ∈ A2(R), x2 + y2 = 1},
and on this copy of S1, G acts by (ix, iy) 7→ (−ix,−iy), i.e., by the antipodal map,
so X is an algebraic model for S0,2. The case of W (C) is similar, but in this case
the Galois action (if we identify W (C) with C×) is given by z 7→ z¯−1, and G acts
trivially on
S1 = {(x, y) | (x, y) ∈ A2(R), x2 + y2 = 1}.
As shown in [22, Theorem A.1], W (C) has a G-equivariant deformation retraction
down to this copy of S2,0, so W is an algebraic model for S2,0.
By [22], the algebraic K-theories of W , X , and Y with finite coefficients in
positive degrees thus coincide with KR−•(S2,0) ∼= KO−•⊕KO−•−1, KR−•(S0,2) ∼=
KSC−• and with KR−•(S1,1) ∼= KO−• ⊕KO−•+1, respectively.
We also want an algebraic model for S1,1+,−. This requires a noncommutative
twisting of Y , given by an Azumaya algebra. Now it was shown in [10] that
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Br Y ∼= (Z/2)2, since Y (R) has two connected components (in the Hausdorff topol-
ogy). In other words, there is an Azumaya algebra over Y whose splitting over the
two connected components of Y (R) is whatever one would like. To get the sign
choice (+,−) over the two O-planes, we require an Azumaya algebra split over
one component and non-split over the other. In fact, we can write this down very
explicitly; let A = R〈t, t−1, u〉/(u2 = −1, ut = −tu). This is a noncommutative
Noetherian R-algebra with center Z(A) = R[t2, t−2] ∼= R[v, v−1], in fact a quater-
nion algebra over Z(A) in the sense of [20], [32], or [43]. Over a point in Y (R),
corresponding to setting t2 7→ α ∈ R×, splitting of A is determined by the Hilbert
symbol (α, −1) =
{
+1, α > 0
−1, α < 0
, and thus the algebra A does indeed correspond
to the sign choice (+,−). It follows that with finite coefficients, the algebraic
K-theory of A in positive degrees agrees with KR−•(+,−)(S
1,1) ∼= KSC1−•.
2.2. The first duality. The first duality for orientifold theories on the circle re-
lates the type I and IA theories, and is reflected in the KR-theory isomorphism
KR1−•(S2,0) = KO1−•(S1) ∼= KR−•(S1,1). We showed in [39] that this comes from
the Baum-Connes isomorphism KOtop
•
(BZ)
∼=
−→ KOtop
•
(C∗
R
(Z)) ∼= KR−•(S1,1). Via
the Karoubi-Weibel connection between KR and algebraic K-theory of real vari-
eties, this suggests comparing K•(Y ) andK•−1(W ). By the Fundamental Theorem
of Algebraic K-Theory (recall that all of W , X , and Y are smooth), we have
K•(Y ) = K•
(
R[v, v−1]
)
∼= K•(R)⊕K•−1(R).
At the same time, we have
K•(W ) = K•
(
R[x, y]/(x2 + y2 − 1)
)
= K•(R(q)),
where q(x, y) = x2 + y2, in the notation of [42], which computes the K-theory of
quadric hypersurfaces. (In Swan’s notation, R(q) is the quotient of R[x, y] by the
ideal generated by q(x, y)− 1.)
We certainly cannot have Kn(Y ) ∼= Kn−1(W ) when n = 0, since K0(Y ) = Z and
K−1(W ) = 0. It’s also known that K0(W ) ∼= Z⊕Z/2 (there are many proofs, such
as [42, Corollary 10.8 or §10, Example 3], but for a completely elementary argument
see [38, Exercise 1.4.23]), while we see that K1(Y ) ∼= K1(R) ⊕K0(R) ∼= R
× ⊕ Z,
which surjects onto K0(W ) ∼= Z⊕ Z/2 with completely divisible kernel.
For a complete calculation of K•(W ) we can use [42]. Note that W is an open
affine subscheme of the (Severi-Brauer) projective variety over R defined by the
homogeneous equation x2 + y2 − z2 = 0 in P2. By [44, Example V.1.6.1], this
variety is simply P1(R). The complement P1 r W has no real points and two
conjugate complex points; as a scheme it is just SpecC. By Quillen’s calculation
of K-theory for projective spaces ([35, §8] or [44, Theorem V.1.5]), K•(P
1(R)) ∼=
K•(R) ⊕ K•(R). Thus we derive the exact sequence (which also appears as [42,
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Theorem 2]):
(1) · · · → Kn(C)
α
−→ Kn(R)⊕Kn(R)→ Kn(W )
∂
−→ Kn−1(C)→ · · · .
Since W (R) 6= ∅, one copy of Kn(R) splits off from Kn(W ) and the complement
K˜n(W ) is given by the homotopy groups of the cofiber K˜(W ) of a map r : K(C)→
K(R). From the description in [42, Theorem 2] of the map α in (1) as a forgetful
map, or from Quillen’s description of the K-theory of projective space, one can
see that r is just the realification or transfer map obtained from viewing finite-
dimensional complex vector spaces as real vector spaces of twice the dimension.
Note by the way that the calculation of K•(Y ) could also be done by the same
method as for K•(W ), as Y is an open subscheme of the projective nonsingular
curve defined by the homogeneous equation xy − z2 = 0, which again is P1(R).
The complement P1 r Y is SpecR ⊔ SpecR, so the analogue of (1) is
· · · → Kn(R)⊕Kn(R)
α
−→ Kn(R)⊕Kn(R)→ Kn(Y )
∂
−→ Kn−1(R)⊕Kn−1(R) · · ·
which after removing Kn(R)
∼=
−→ Kn(R) from α splits into split short exact se-
quences
0→ Kn(R)→ Kn(Y )⇄ Kn−1(R)→ 0.
The algebraic K-theory version of the T-duality between the type I and type
IA theories on the circle now takes the following form.
Theorem 1. Let W = Spec (R[x, y]/(x2 + y2 − 1)) be the algebraic circle and let
Y = Gm (over R). The K-theory spectrum of Y splits as K(Y ) ∼= K(R)⊕ΣK(R).
The K-theory spectrum of W splits as K(W ) ∼= K(R) ⊕ K˜(W ), where K˜(W ) is
the cofiber of the realification map r : K(C)→ K(R). There is a map of K-theory
spectra with finite coefficients ΩK(R;Z/m) → K˜(W ;Z/m) for which the induced
map on homotopy groups
Kn+1(R;Z/m)→ K˜n(W ;Z/m)
is an isomorphism for n ≥ 0 and any m > 0.
In lowest dimensions we have K0(Y ) ∼= Z, K1(Y ) ∼= R
×⊕Z, K2(Y ) ∼= K2(R)⊕
R× ∼= R× ⊕ Z/2⊕ (uniquely divisible), K0(W ) ∼= Z⊕ Z/2, K1(W ) ∼= R
× ⊕ Z/2.
Proof. Most of this is contained in the above discussion, but it remains to relate
the spaces ΩK(R) and K˜(W ). Recall that by [41], the natural maps K(R) →
K
top(R) and K(C) → Ktop(C) are equivalences in nonnegative degrees with finite
coefficients. Now by real Bott periodicity, there is a cofiber sequence of spectra
(2) Ktop(R)
c
−→ Ktop(C)
r◦β−1
−−−→ Σ2Ktop(R),
where c is “complexification” and β : Ktop(C)
∼=
−→ Ω2Ktop(C) is the Bott map,
associated to a familiar complexification/realification sequence in topological K-
theory (see for example [6, Theorem 1.18(5)] or [21, Theorem III.5.18]). That
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means that the cofiber of r : Ktop(C)→ Ktop(R) can be identified with ΩKtop(R).
Because of Suslin’s Theorem, the result follows. 
Remark 2. One might wonder if there is some equivalence of derived categories
underlying the K-theory isomorphism in Theorem 1, but because of [36, Proposi-
tion 9.2], there are no nontrivial derived equivalences between affine schemes. The
projective case is different, as we will see later.
2.3. The second duality. Now we want to look for an algebraic analogue of the
duality between the I˜ and I˜A theories on S1. This means we want to relate the
algebraic K-theories of X and the Azumaya algebra A over Y .
To begin, we can compute the K-theory of X = R(q) with q(x, y) = −x2 − y2
the same way we did forW . The major difference is that X has no real points, nor
does its projective completion, the quadric in P2 defined by x2+y2+z2 = 0. Thus
this quadric is a Brauer-Severi variety associated to a non-split Azumaya algebra,
namely H. So by Quillen’s calculation in [35, §8], the K-theory spectrum of this
variety is K(R)⊕K(H), and as before in (1) we get an exact sequence (which again
could be read off from [42, Theorem 2])
(3) · · · → Kn(C)
α
−→ Kn(R)⊕Kn(H)→ Kn(X)
∂
−→ Kn−1(C)→ · · · .
Following [42] again, the map α comes from restriction of modules over Clifford
algebras, from M2(C) to the subalgebras H and M2(R). The first component of α
is r : K(C)→ K(R); the second component is the map K(C)→ K(H) induced by
restriction of modules over M2(C) to H, whose analogue in topological K-theory
fits into a shifted version of (2). The lowest-degree portion of (3) looks like
· · · → C×
α
−→ R× ×
(
H
×/SU(2)
)
→ K1(X)→ Z
a7→(2a,a)
−−−−−→ Z2 → K0(X)→ 0.
ThusK0(X) ∼= Z andK1(X) ∼= R
×. Note that modulo completely divisible abelian
groups these agree with KR−j(X(C)) ∼= KSC−j for j = 0, 1, as we might expect
from [22]. In fact, with finite coefficients and in positive degrees, we can replace
algebraicK-theory by topological K-theory in (3) using [41], and then (3) becomes
the known exact sequence [21, III.7.15]
· · · → KSC−n−1 → K−n → KO−n ⊕KSp−n → KSC−n → · · · .
We turn now to theK-theory of the noncommutative algebraA from Section 2.1.
In the notation of [42], this algebra is a Clifford algebra C(q) over R = R[t2, t−2]
attached to a rank-two quadratic R-module (M, q), where if e1, e2 are an R-basis
for the free R-module M , q(e1) = −1, q(e2) = t
2, and e1 ⊥ e2. Since t
2 is a unit in
R, q is non-singular. Furthermore, C(q) ∼= C0(q⊕〈−1〉) by [42, Lemma 4.5]. Thus
we can apply [42, Theorem 9.1] with d = 1 to get K(A) ⊕ K(R) ∼= K(Z). Here
Z = X(q ⊕ 〈−1〉) is the closed subscheme of P2(R) defined by the homogeneous
equation q ⊕ 〈−1〉 = 0. Alternatively, by [35, §8, Theorem 4.1], K(A) ⊕ K(R) ∼=
K(Z), where Z the Brauer-Severi scheme over Y associated to A, and this turns
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out to be the same as above. So we’re basically reduced to computing theK-theory
of Z.
This is still a formidable task, so it is easiest to take another approach and to
regard A as a crossed product or twisted Laurent polynomial extension C⋊σ Z =
Cσ[t, t
−1], where C = R[u]/(u2+1) and σ is complex conjugation (since conjugation
by t sends u to −u). Thus by the “algebraic Pimsner-Voiculescu sequence” of [15,
Theorems 2.1 and 2.3] or [48, Corollary 2.2] (Nil terms drop out since everything
is regular), K(A) is equivalent to the cofiber of K(C)
1−σ∗−−−→ K(C). In particular,
in low degrees we get
· · · → ⋆→ ⋆→ K2(A)→ C
×
z 7→z/z
−−−−→ C× → K1(A)→ Z
0
−→ Z→ K0(A)→ 0,
where ⋆ = K2(C) is uniquely divisible, so K2(A) ∼= Z/2 ⊕ (uniquely divisible),
K1(A) ∼= R
×
+ ⊕ Z and K0(A) ∼= Z.
The algebraic K-theory version of the T-duality between the I˜ and I˜A theories
on the circle now takes the following form.
Theorem 3. Let X = Spec (R[x, y]/(x2 + y2 + 1)), a smooth affine quadric curve
with no real points, and let A be the quaternion algebra over Y = Gm given by
A = R〈t, t−1, u〉/(u2 = −1, ut = −tu). The K-theory spectrum of A is the cofiber
of K(C)
1−σ∗−−−→ K(C), where σ is complex conjugation. The K-theory spectrum
of X is the cofiber of K(C)
α
−→ K(R) ⊕ K(H), where α comes from restriction of
Clifford modules, as explained above. There is a map of K-theory spectra with finite
coefficients ΩK(A;Z/m) → K(X ;Z/m) for which the induced map on homotopy
groups
Kn+1(A;Z/m)→ Kn(X ;Z/m)
is an isomorphism for n ≥ 0 and any m > 0.
In lowest dimensions we have K0(X) ∼= Z, K1(X) ∼= R
×, K0(A) ∼= Z, K1(A) ∼=
R
×
+ ⊕ Z.
Proof. Again, most of this is in the discussion above. After applying [41] and
going to the stable range (so we can ignore the difference between connective and
periodic K-theory spectra), we see that with finite coefficients, K(A) becomes the
cofiber of Ktop(C)
1−σ∗−−−→ Ktop(C), which is ΣKSC, KSC the 4-periodic spectrum
of self-conjugate K-theory. Similarly K(X) becomes the cofiber of Ktop(C)
r
−→
Ktop(R)⊕Ktop(H), which is KSC, and the result follows. 
3. Some elliptic curve orientifolds
Now we consider cases of duality related to elliptic curves. Generally speaking,
a duality between a type IIA theory and a type IIB theory on elliptic curves should
in the world of algebraic mirror symmetry be reflected in an equivalence between
a category of coherent sheaves on one side and a Fukaya category on the other
[34]. Since the analogue of Fukaya categories in the orientifold case is not well
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developed yet, we leave such dualities as a project for future work. But there
is one interesting case of an orientifold duality that we should be able to treat
without going out of categories of coherent sheaves. This involves the T-duality
grouping [13, §4.1.2] containing the type IIA theory on an elliptic curve with
free antiholomorphic involution and the type IIA theory on an elliptic curve with
antiholomorphic involution with exactly two fixed circles, one given a + charge and
one given a − charge (the I˜A theory). Since an elliptic curve with antiholomorphic
involution is the same thing as a smooth projective genus-1 curve defined over R,
there are algebraic models for these theories involving coherent sheaves on real
varieties, though in one case we need to twist by a suitable Azumaya algebra. That
such an Azumaya algebra exists is guaranteed by an application of [9, Theorem
3.6], as indicated in the following Proposition. Note that in what follows, A
represents a different Azumaya algebra than in Section 2 above. We recall that a
smooth projective curve defined over R has an invariant called the species, which
is the number of connected components of the set of real points (in the analytic
topology). This invariant can take any value from 0 up to g + 1 (g the genus), by
a classical theorem of Harnack (see also [17, Proposition 3.1(1)]).
Proposition 4. Let E be a split elliptic curve defined over R (i.e., in the language
of [1], a real elliptic curve of species 2, so that E(R) is topologically a disjoint union
of two circles). Then there is a unique (up to Morita equivalence) Azumaya algebra
A over E representing an element of Br(E) of order 2, such that A is split over
the component E(R)+ of E(R) containing the identity element e (for the group
structure on E(C)) and non-split over the other component E(R)− of E(R).
Proof. A split elliptic curve defined over R has Weierstraß equation
y2 = (x− α)(x− β)(x− γ),
with α < β < γ distinct points in R. The 2-torsion subgroup M = 2E(C) of
E(C) consists of e (the point at ∞) and the points a = (α, 0), b = (β, 0), and
c = (γ, 0), with c and e in one component of E(R), which we’ll call E(R)+, and
a and b in the other component E(R)−. Let G = Gal(C/R). By [33, Proposition
3.6], Br(E) ∼= (Z/2)2; in fact, as Pedrini and Weibel point out, this was really
computed by Witt in [45, II′ and III′]. More precisely, via an analysis of the
G-action on the exact sequence
0→ M → E(C)
2
−→ E(C)→ 0,
it is shown in [9] that 2BrE = 2BrR⊕ 2H
1(G,E(C)). As a G-module, E(C) looks
like (T, id)× (T, σ), where T as usual is the circle group, id is the trivial G-action,
and σ is complex conjugation. So
H1(G,E(C)) =
ker
(
(z, w) 7→ (z, w)(z, w−1)
)
image
(
(z, w) 7→ (z, w)(z−1, w)
) ∼= Z/2,
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and 2BrE is exactly the group of “sign choices” discussed in [12] and [26]. Thus
there is a unique Brauer class of Azumaya algebrasA split over E(R)+ and nonsplit
over E(R)−, which can be chosen to be represented by the quaternion algebra over
the function field R(E) given by the quaternion algebra symbol (−1, x−γ). (Note
that x− γ is positive on E(R)+, so the Hilbert symbol there is trivial, while it is
negative on E(R)−, so the Hilbert symbol there is nontrivial.) Viewed as a sheaf
of OE-modules, A is locally free of rank 4, and its complexification is isomorphic
to M2 (OEC). 
Now we are ready for what is really the main theorem of this paper. It says that
in some sense, the “dual abelian variety” to a genus-1 curve over R with no real
points is the noncommutative Azumaya algebra of Proposition 4.
Theorem 5. Let C be a smooth projective genus-1 curve over R with no real
points (i.e., in the terminology of [1], a non-classical real elliptic curve of species
0). Let E be the split elliptic curve over R with the same j-invariant. Let A be the
Azumaya algebra over E as identified in Proposition 4. Let D(C) be the bounded
derived category of (complexes of ) coherent sheaves on C, and let D(E, α) be
the bounded derived category of (complexes of ) α-twisted coherent sheaves on E,
where α is the Brauer group class of A. Then the categories D(C) and D(E, α) are
equivalent (in a way we will make explicit), and in particular, K•(C) ∼= K•(A).
Since there are several steps to the proof, we separate out the first part as a
lemma.
Lemma 6. Let C and E be as in Theorem 5. Then the Jacobian variety of C can
be identified with E, and Pic0(C) (the group of classes of Gal(C/R)-fixed divisors
on C of degree zero) can be identified with the connected component of the identity
E(R)+ (which has index 2) in the group E(R) of real points of E.
Proof of Lemma. As before we let G = Gal(C/R). We begin by recalling a number
of facts from [17] and [33] about the Picard group of C. First of all, CC = C×SpecR
SpecC is a complex elliptic curve and as such is self-dual. So the Picard group
Pic(CC) of CC can be identified with Pic
0(CC) × Z, with Pic
0(CC) ∼= CC. As
shown in [17, Proposition 2.2] and [33, Proposition 1.1], the Picard group Pic(C)
of C is a subgroup of Pic(CC), but has two unusual features. First of all, the
image of Pic(C) in Pic(CC)/Pic
0(CC) ∼= Z is of index two, i.e., all algebraic line
bundles over C (defined over R) have even degree. Secondly,
(
Pic0(CC)
)G
contains
the connected component of the identity Pic0(C) in Pic(C) with index 2. The
connected component of the identity, denoted Pic+(R) in [17], consists of classes of
G-fixed divisors, but there exist divisors whose class modulo rational equivalence
is fixed by G without the divisor itself being fixed by G. The upshot of this
discussion is that the Jacobian variety of C is a real elliptic curve of species 2. It
has to complexify to CC, so it has the same j-invariant as C, and can be identified
with E, with Pic0(C) identified with E(R)+. In fact, there is an e´tale morphism π
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(an isogeny) from C onto E, which on the complexification CC is just multiplication
by 2. Complex analytically, C can be identified with C/(Z + τZ), where τ = iτ0
with τ0 > 0, and the action of G on C is given by σ˜ : z 7→ z +
1
2
. (See for
example [1, Chapter 12] and [13, §4.1.2] for the physical interpretation.) The map
π : z 7→ 2z intertwines this G-action with the G-action σ : z 7→ z on the same
torus, which corresponds to the species 2 curve E. In purely algebraic language,
following the notation in the proof of Proposition 4, let M = {e, a, b, c} be the
2-torsion subgroup of EC, where e is the identity element (corresponding to the
point at infinity in the Weierstraß form) and e, c ∈ E(R)+, a, b ∈ E(R)−. Then the
Galois involution σ on EC fixes M (pointwise), and the Galois involution σ˜ on CC
is given by z 7→ σ(z) + c. The map from CC to its Jacobian can be identified with
φ : z 7→ T ∗zL⊗L
−1 (see [28, Chapter II]), where Tz is translation by z and L is the
line bundle of degree 2 defined by the divisor [e] + [c]. This divisor is σ˜-invariant,
so that L is defined over R, as is φ(z) for z ∈ E(R). Note that the kernel of φ can
be seen to be M , so again we see that the Jacobian of C is C/M ∼= E, and φ can
be identified with π : C → E. 
Proof of Theorem 5. Recall from [7, Theorem 1.3.5] that we may identify A with
the endomorphism algebra bundle of E , where E is a rank-2 α-twisted locally free
sheaf over E. (We view α as a class in H2an(E,O
×
E), cohomology for the analytic
topology; cf. [7, Theorem 1.1.4].) Furthermore, there is an equivalence of categories
between coherent A-modules and coherent α-twisted sheaves over E, which we will
use hereafter without special comment.
With these preliminaries out of the way, we now define a twisted bundle P on
C × E, playing the same role as the Poincare´ bundle in Mukai duality [27], that
will implement the derived equivalence D(C)
∼=
−→ D(A) ∼= D(E, α), following the
paradigm in [30, 31] and [7, 8]. Identify CC and EC as usual and let P0 be the
Poincare´ bundle on CC × EC, which makes sense since EC is the Jacobian variety
of CC. In other words, for x ∈ EC, the restriction of P0 to CC × {x} is the line
bundle Vx defined by x over CC. According to the the recipe in [28, Chapter II,
§8], P0 is defined by the divisor
D0 = [∆]− [CC × {e}]− [{e} × EC],
where ∆ is the anti-diagonal {(x,−x) : x ∈ CC}. Note that ∆ can also be described
as m−1(e), where m is the additive group law on CC = EC. Now σ × σ obviously
maps ∆ to itself, so the Galois involution σ˜ × σ on CC×EC sends ∆ to ∆+ (c, e)
and vice versa. Similarly, σ˜×σ maps CC×{e} to itself, and interchanges {e}×EC
and {c}×EC. So the divisor D0 is not invariant under G and the conjugate bundle
P0 is associated to the divisor
(σ˜ × σ)(D0) = [∆ + (c, e)]− [CC × {e}]− [{c} ×EC].
Let P = P0 ⊕ P0. Even though the individual summands P0 and P0 are not
defined over R, P is defined over R, with G interchanging the two summands.
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For x ∈ EC, the restriction of P to CC × {x} is Vx ⊕ Vx, where Vx defined by
the element x of the Jacobian of CC. In other words, Vx = φ(z) = T
∗
zL ⊗ L
−1,
where 2z = −x and z is uniquely defined modulo M . Since P is defined over
R, it is an OC×E-module. (Note that OC×E = OC ⊠ OE , the external tensor
product.) We just need to explain how to make P into an OC ⊠A-module. Since
P = P0 ⊕ P0, multiplication by i on P acts by the matrix I =
(
i 0
0 −i
)
. Recall
that the gerbe α defining A is trivial on E(R)+ but nontrivial on E(R)−. At
the same time, for x ∈ E(R)+, the associated line bundle Vx is defined over R.
(The divisor of Vx is µ = D0 ∩ (CC × {x}) = [−x] − [e]. This divisor is not
G-invariant, but it’s rationally equivalent to [z] + [z + c] − [e] − [c], which is G-
invariant. Here we choose z ∈ E(R) with 2z = −x, possible since x ∈ E(R)+.)
So we get a vector bundle isomorphism Vx → Vx and thus an endomorphism
J of Vx ⊕ Vx anticommuting with I and with J
2 = 1. Since I and J satisfy
the relations for a split quaternion algebra over R, CC × E(R)
+ is a module for
(OE⊠A) ∼= (OE⊠M2(OC)) over CC×E(R)
+. For x ∈ E(R)−, the associated line
bundle Vx is not defined over R, but as explained in the proof of [17, Proposition
2.2], there is an isomorphism ϕx : Vx → Vx with ϕ
2
x = −1. (In other words, we get
an endomorphism J anticommuting with I and with J2 = −1.) This gives Vx⊕Vx
a quaternionic structure. In fact (after renormalizing) we can make this structure
algebraic in the variable x. To see this, again change the divisor µ of Vx up to
rational equivalence to the form µ′ = [z] + [z + c]− [e] − [c] with 2z = −x. Since
x ∈ E(R)−, z cannot be chosen in E(R). But σ˜(µ′) = [σ(z)+ c] + [σ(z)]− [c]− [e],
and µ−σ˜(µ) = [z]−[σ(z)]+[z+c]−[σ(z)+c] is a principal divisor, in fact associated
to the meromorphic function f : w 7→ sn(w − z), where sn is the standard Jacobi
elliptic function with parameters K = 1
4
, K ′ = iτ0
2
[11, §22.4]. This is obviously
meromorphic in z and thus in x, and as indicated in [17], multiplication by this
function implements the quaternionic structure. Indeed, w 7→ sn(σ˜(w)− z) is also
meromorphic in w, and taking w = z +K and using the fact that z¯ − z = −iK ′
(since 2z ∈ E(R)−),
sn(w − z) = sn(K) = 1,
sn(σ˜(w)− z) = sn(w¯ + 2K − z)
= sn(3K − iK ′) = −sn(K + iK ′) = −1
k
< 0.
(The negative sign of the product, what is called Nf in [17], is what counts here.)
Thus f makes the restriction of P to CC × E(R)
− into a module for (OE ⊠A) ∼=
(OE ⊠OC ⊗H) over CC ×E(R)
−. These OE ⊠A-module structures on P extend
to open neighborhoods of CC×E(R)
+ and CC×E(R)
− (in the analytic topology)
which, together, cover CC × EC. Patching these together, we obtain an α-twisted
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sheaf structure on P over C × E. By the usual process, we obtain a functor
(4) Φ: D(C)→ D(A), Φ(F) = R(πE)∗
(
P
L
⊗ L(πC)
∗F
)
,
and a similar functor Ψ: D(A)→ D(C) obtained by reversing the roles of E and
C.
We can now prove the theorem by using [30, Lemma 2.12], modified in the ob-
vious way to deal with twisted sheaves. This asserts that the property of Φ being
an equivalence is stable under base change from R to C. But the complexifica-
tion AC of A is M2(OEC), Morita equivalent to OEC, so D(AC) is equivalent to
D(EC). Hence Φ is an equivalence because the functor ΦC : D(EC) → D(CC) is
the equivalence given by Mukai duality [27]. 
Remark 7. To link Theorem 5 to the results of [8] and [3], note that our genus-1
curve C can be viewed as an elliptic fibration over SpecR with Jacobian E, but
without a section, and also as a torsor over the elliptic curve E. To see this,
consider the translation action m of EC on CC (say on the right): CC×EC
m
−→ CC,
m(y, x) = y + x. This action is equivariant for the Galois action, since
m
(
(σ˜×σ)(y, x)
)
= m
(
σ(y)+c, σ(x)
)
= σ(y)+c+σ(x) = σ(y+x)+c = σ˜
(
m(y, x)
)
.
Thus we can think of C as a principal homogeneous space for E. In [3], derived
equivalences of Brauer twists for principal homogeneous spaces over an elliptic
curve are studied, but Theorem 5.1 in that paper, for example, only deals with
the case where the Brauer twist comes from the Brauer group of the field, BrR
in our case. In our situation, E is of course a trivial torsor over itself, while
C has a nontrivial class in H1e´t(SpecR, E) = H
1(G,E(C)) ∼= Z/2. (Recall the
proof of Proposition 4.) So our twist α comes from the cokernel of the map
BrR → BrE, which in the language of Ogg-Shafarevich theory (see [8, §6]) is
the Tate-Shafarevich group XSpecR(E) ∼= Z/2. Thus it seems that Theorem 5 is
covered neither by the hypotheses in [3] nor by the hypotheses of [8], which only
deals with algebraically closed fields. Nevertheless, the proof of [8, Theorem 5.1]
could be adapted to give another proof of Theorem 5, using the e´tale topology on
the base SpecR.
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